We derive the gravitational dynamics of the tensorial geometry which underlies the most general linear theory of electrodynamics that features weak birefringence in vacuo. This derivation is performed by way of gravitational closure, which is a mechanism that employs the causal structure of any canonically quantizable matter dynamics on some tensorial spacetime geometry in order to derive canonical dynamics for the latter. The resulting eleven-parameter family of weak gravitational field equations allows to predict where vacuum birefringence will occur, if there is any.
I. INTRODUCTION
The motion of matter fields crucially depends on the coefficient functions in their equations of motion. In order to close these equations, one thus needs to provide dynamics for their coefficient functions as well. The simplest example is a Klein-Gordon equation
for a scalar matter field φ, where the coefficient functions are provided by the components of a Lorentzian metric g. It is usually posited that for physical reasons, one must choose the Einstein-Hilbert dynamics
in order to close these matter equations, or any other in the standard model of particle physics, with the constants Λ and G being determined by experiment.
There is a way to obtain the equations (2) in a constructive way directly from the matter equations (1) , under the combined assumptions of the classic paper [1] and the more recent work [2] . The underlying mechanism is quite simple. Requiring the dynamics for the coefficients to enjoy a canonical evolution that starts and ends on the same initial value hypersurfaces as the given matter dynamics, the admissible spectrum of diffeomorphisminvariant coefficient dynamics is severely constrained. Indeed, one finds that the dynamics for the coefficients must arise as the solution to an immutable set of gravitational closure equations [3] , which convert input from the given matter dynamics into output that determines the required action for the coefficients. In physics parlance, this mechanism amounts to a constructive derivation of gravitational dynamics from specified matter dynamics.
The very same gravitational closure mechanism is applicable to any canonically quantizable matter action on any tensorial background [4] . This article is now concerned with the first explicit execution of this mechanism for one specific matter theory beyond the standard model, namely the birefringent electrodynamics
which has been extensively studied as a classical [5] [6] [7] and quantum matter theory [8, 9] in the context of standard model extensions [10, 11] and optics [12] on a four-dimensional smooth manifold M. The employed geometric structure, and thus the coefficient functions of the associated matter field equations for the covector field A, is given by a fourth-rank tensor field G abcd and the induced weight-one scalar density ω G := 24(ǫ abcd G abcd ) −1 .
Gravitational closure equations for these birefringent electrodynamics, whose solution provides gravitational dynamics for the tensor field G, have been set up in [4] , but are prohibitively difficult to solve exactly. But for many practical purposes, such exact gravitational field equations are not needed in the first place. For even if they are available, like the Einstein equations for a Lorentzian metric, they are then solved either by imposing symmetry assumptions or by perturbative techniques. While the imposition of symmetry conditions at the level of the closure equations comes with caveats concerning symmetric criticality [13, 14] , a perturbation ansatz for the background geometry can be made, without In this article, we employ a set-up for the closure equations of birefringent electrodynamics that is tailored to their perturbative solution. In particular, we employ a practical parametrization of the canonical configuration degrees of freedom for the fourth-rank geometry G that describe small perturbations around a flat background and calculate the input coefficients, which are needed to set up the closure equations, directly from weakly birefringent electrodynamics in section II. We solve the perturbed closure equations to obtain the gravitational Lagrangian for G to quadratic order in section III, display the linearized gravitational field equations in a convenient gauge in section IV, and conclude in section V.
II. CLOSURE EQUATIONS FOR BIREFRINGENT ELECTRODYNAMICS
We set up the gravitational closure equations for weakly birefringent electrodynamics in this section. In order to keep this article technically self-contained, the first two subsections review how the canonical geometry underlying birefringent electrodynamics is obtained.
Starting with the third subsection, we then turn to new results. In particular, we employ a parametrization of the canonical geometry that is is tailored to the needs of the perturbative treatment undertaken in the remainder of this work. The central result of this section are the input coefficients that define the gravitational closure equations for weakly birefringent electrodynamics, which we will then solve in the next section.
A. Birefringent electrodynamics and the underlying spacetime (M, G, P G )
The physical starting point, and single input from which all results obtained in this article follow, is the electrodynamic theory for an abelian gauge potential A given by the action (3).
This matter theory is the most general theory of electrodynamics with a tensorial background geometry that still features a classical superposition principle [7] . Vacuum birefringence is not excluded a priori, in contrast to the limit case of Maxwell electrodynamics, to which the equations of motion associated with the above action reduce if the background geometry is induced from a metric g by virtue of G abcd g
Considering only the components of G that contribute to the above action, we may assume without loss of generality that the geometric tensor features the algebraic symmetries
The principal tensor P G of the equations of motion associated with the above action is found [6] to be given by
in terms of the spacetime geometry G and the unique totally antisymmetric tensor density of weight −1 that is normalized such that ǫ 0123 = 1. Since the dynamics (3) are canonically quantizable [8, 9] , the triple (M, G, P G ) contains the complete kinematical theory [2] required to physically interpret the geometry G and to set up the gravitational closure equations, whose solution then provides the dynamics of the geometry according to [4] .
B. Induced geometry and canonical geometry
Employing the projections from section II.B of [4] , which are induced by a family of embedding maps X t : Σ → M that foliate the manifold (M, G, P G ) into initial data surfaces X t (Σ) for the matter dynamics (3), one obtains an induced geometry on the three-manifold Σ given by the one-parameter family of tensor fields
which present the so-called induced geometry in the terminology of [4] . Since the principal tensor P G is determined entirely in terms of the spacetime geometry, it is likewise projected to several one-parameter families of tensor fields on Σ, which can then be expressed solely in terms of the induced geometry g A . Out of these, only the components
appear in the gravitational closure equations and are thus the only ones we need to consider.
By construction, the induced geometry satisfies the overall non-linear frame conditions Now we change perspective from the induced geometry (where the spacetime geometry G is considered as primary and the induced geometry as secondary) to the canonical geometry (where this hierarchy is inverted). This is done by installing three tensor fields
on Σ that mimic the three families of induced tensor fields on Σ, but are no longer considered to arise as projections of the spacetime tensor field G. As explained in section III.B of [4] , the frame and symmetry properties of the induced geometry must thus be restored explicitly by demanding that
Taking into account the symmetry constraints, this amounts to 17 independent initial data surface field components, which together with the four frame conditions employed in the projection, restore the total of 21 independent components featured by the spacetime tensor G at each point in spacetime.
C. Parametrization and configuration variables
The frame conditions for the screen manifold fields g αβ , g αβ , g α β derived in the previous section include a set of non-linear equations. Thus we require the parametrization technology developed in section III.C of [4] and need to choose suitable parametrization maps g A that generate the canoncial geometry g A := (g αβ , g αβ , g α β ) in terms of 17 unconstrained configuration variables ϕ 1 , . . . , ϕ 17 such that all frame and symmetry conditions are met.
Since this article is concerned with geometries G abcd that present perturbations around
Minkowski spacetime η, we choose a parametrization directly in terms of the perturbative degrees of freedom in the presence of a flat Euclidean background metric γ ·· on Σ, namely
where the endomorphism f α β appearing in the last definition is required to be γ-antisymmetric and tracefree [15] , and the three intertwiners are defined as , according to which the intertwiners are constructed following the general method developed in [15] , are the symmetrizers
and S
These symmetrizers implement a symmetrization to rank two tensors and the third sym- The exact intertwiners that are defined in section III.C of [4] , and which are required from the next section onwards, can be expressed in terms of the three constant intertwiners introduced above. Indeed, one obtains
where only the third intertwiner is seen to differ from the constant one. These higher order modifications are needed in the next section when we calculate the input coefficients that enter the gravitational closure equations.
Note that one can also find a parametrization of the tensor fields without making use of any additional structure like the flat background metric γ, as was presented in section V.C of [4] . One would use the parametrization given there, or any other in the same spirit, when solving the gravitational closure equations exactly, rather than perturbatively.
D. Input coefficients for the gravitational closure equations
All preparations have now been made in order to calculate the complete information about the initially specified matter dynamics that trickles down to the gravitational closure equations for their geometric background: the input coefficients of section IV.C of [4] .
We only present the input coefficients up to the order that will be required by the perturbative evaluation of the closure equations in the next section. Tedious, but straightforward calculation yields
for the input coefficients M Aγ and
for the input coefficients p αβ . The two remaining sets of input coefficients E are calculated to take the form
In the next section, we insert these input coefficients into the gravitational closure equations and evaluate them perturbatively to the order which is required in order to determine linearized gravitational field equations for the spacetime geometry G that underlies weakly birefringent electrodynamics.
III. PERTURBATIVE EVALUATION OF THE CLOSURE EQUATIONS
Based on the input coefficients that we derived above from weakly birefringent electrodynamics, we are now in a position to set up the closure equations in their perturbative version.
These are then significantly simplified by curtailing the possible forms of the desired output coefficients such that they yield precisely the terms one requires for linearized gravitational field equations. Taking care of various subtleties concerning the perturbative solution of the closure equations, we finally obtain the weak gravitational field dynamics.
A. Output coefficients required for linearized theory
In order to obtain the linearized gravitational field equations for some given matter, the closure equations on the last two pages of [4] do not need to be solved for all output coefficients C A 1 ...A N , but only for C, C A 1 and C A 1 A 2 . And even for these three, it suffices to consider, respectively, expansions up to second, first and zeroth order in powers of the configuration variables and their derivatives:
where two of the three appearing constant expansion coefficients λ, ξ and θ feature, by construction, the block exchange symmetries
where D and E stand for an arbitrary number of totally symmetric spatial indices, including none at all. This is because any higher orders of these three output coefficients, or indeed any other output coefficients in the first place, do not contribute to the constant and linear order terms of the evolution and constraint equations that are displayed in section IV.E of [4] in terms of the scalar density L, which thus is curtailed to
where O(3) denotes third and higher powers of either the configuration variables ϕ A , the associated velocities k A or combinations of both.
A further simplification arises from the fact that no summand in the output coefficient C A that can be written as the functional gradient δΛ/δϕ A of some scalar functional Λ [ϕ] can contribute to the evolution equations that follow from L according to section IV.E of [4] . We therefore choose to eliminate any such terms from our analysis. To this end, first note that insertion of (6) into closure equation (C18 N ) yields the symmetry conditions
for the expansion coefficients ξ of C A . But then letting
one quickly sees, by direct calculation, that
Since the first two remaining terms cannot be absorbed into the functional gradient, we thus arrive at the final form
that we will employ in our analysis for this output coefficient. In turn, this dependence of C A on at most first order derivatives of the configuration variables allows to conclude, by the discussion in section IV.D of [4] , that also C can depend on at most second order derivatives of the ϕ A . Thus we are able to restrict attention to an output coefficient C of the form
Solution of the gravitational closure equations for weakly birefringent electrodynamics thus only requires the determination of the 13 constant tensor expansion coefficients θ, ξ and λ that remain in (7), (9) and (10).
B. Closure equations required for linearized theory
We now study the order to which each closure equation must be evaluated. To this end, one first determines, summand by summand and derivative order by derivative order, the non-negative integer first unknown order of output coefficient + lowest non-zero order of input coefficients and then considers the minimum of these integers. The result is the lowest order of the equation that cannot be trusted anymore. Thus the equation must be evaluated up to exactly one order less. We demonstrate the procedure for one closure equation, (C3) of [4] ,
In this closure equation, the first order of C AB is unknown and since p µρ as well as F A ρ ν have a zeroth order, their product is unknown in O(ϕ). This in turn tells us immediately that this equation can only be evaluated to zeroth order. The first sum contains M Aγ which has no zeroth order and the second sum is non-zero only for K = 0 (because C depends only on up to second derivatives of ϕ). We thus conclude that (C3) must be evaluated to zeroth order,
and also only to zeroth order.
In analogous fashion, one must analyze all closure equations. The remaining set of closure equations, which are required to determine the linearized gravitational field equations that underpin weakly birefringent electrodynamics, are given in the table I together with the relevant orders at which they must be evaluated.
Eqn Required orders Remaining pde to be solved to those orders
TABLE I: Closure equations and orders at which they must be evaluated in order to obtain linearized gravitational field equations underpinning weakly birefringent electrodynamics.
C. Reduction to a linear homogeneous system of scalar equations
We will now reduce, in two consecutive steps, the gravitational closure equations above from a system of linear homogeneous partial differential equations with non-constant coefficients into a system of linear equations for a finite set of real numbers, which can then be solved by a standard Gauss-Jordan algorithm.
To achieve this reduction, the first step is to insert the perturbative forms (7), (9) and (10) of the output coefficients into the partial differential closure equations of table I and to thus convert them into a set of eighty linear algebraic relations between the expansion coefficients θ, ξ, λ listed in the appendix.
In order to further reduce these equations for the expansion coefficients into a linear system for real scalars, in a second step, we consider the general form which each of the constant expansion coefficients λ, ξ, θ can take. This is a combinatorial exercise that takes care to avoid some, at first sight maybe unexpected, ambiguities [16] . For definiteness, we illustrate the procedure for one randomly chosen expansion coefficient, say
The key to determining its general form is to note that it can be converted, like any other expansion coefficient, back and forth to a flat tensor , we first write down all possible monomial terms that can be constructed from those and possess the correct index structure. For our example, these are the 10 monomials
where further, obviously linearly dependent monomials, such as ǫ βαγ δ µ δ , have been omitted. These omissions, however, are just economical but by no means essential, since any linear dependence would be automatically eliminated in the following step. For there is a subtlety, due to the existence of a chart where the components of the background tensors only take on values −1, 0 and 1, which causes some additional linear dependencies that go unnoticed when only considering the abstract tensor structure. In order to capture these hidden linear dependencies, as well as any of those which one might have failed to spot when providing the initial list of all possible monomials with the correct index structure, one proceeds as follows. For each of the tensor monomials listed above, one assigns a 3 rank -tuple to each tensor monomial listed above, collecting the values of all of its components, which for our example amounts to constructing the 3 5 -tuples
. . .
where αβγµδ is taken to run in the same order, say the lexicographic one employed above, for each tuple. In order to identify linearly dependent monomials, one now performs a
Gauss algorithm on the matrix whose columns are provided by the above tuples. Taking the corresponding 3 5 × 10 matrix of our example to row echelon form reveals that the last four monomials can indeed be expressed as linear combinations of the first six monomials,
This leaves us with the first six of the ten monomials we initially listed. These would provide the basis from which one could generate the general form of the flat tensor in our example by taking an arbitary linear combination with undetermined scalar coefficients. But before doing so, one needs to impose on each of these remaining six monomials all symmetries that the λ αβ µ γδ inherited from its construction. Indeed, symmetrization in αβ further reduces the basis to merely three monomials
which, by symmetrization in γδ, again is narrowed down to only one monomial, namely ǫ (α|(γ µ γ δ)|β) , so that the general form of the expansion coefficient we studied is
for some constant c 1 . Precisely along the same lines, one determines the general form for all expansion coefficients θ, ξ and λ.
This systematic procedure for generating the general form of the expansion coefficients has been cast into the form of a computer program [25] , which has been used in the next subsection to solve the linear system of equations one obtains after insertion of the general forms of the expansion coefficients into the pertinent closure equations listed in table I.
D. Gravitational Lagrangian
All that remains, in order to determine the Lagrangian that yields the linearized gravitational field equations for the geometry underpinning weakly birefringent electrodynamics, is to solve the linear homogeneous system for the constant scalars that emerges when the general forms for the expansion coefficients θ, ξ and λ are inserted into the eighty relations listed in the appendix; see also [17, 18] . Using the shorthand notations
and similar notations for the generalized velocities k A , one obtains the gravitational Lagrangian in terms of twenty-two undetermined constants g 1 , g 2 , . . . , g 22 only, which is of course a drastic reduction compared to the 136 undetermined constants in the general forms before evaluation of the closure equations, which any speculative treatment without closure equations would have had to determine experimentally. But then again only eleven independent combinations of these twenty-two constants turn out to survive in the associated gravitational equations of motion, as will be discussed later. We abstained from using this hindsight at this stage in order to not obscure the derivation. The complete result for the scalar density L is displayed overleaf.
Note that L is not quite yet the actual gravitational Lagrangian L geometry in terms of spacetime fields. The latter, however, is readily constructed from the former, as shown in section IV.E of [4] . There it is also shown how, alternatively, the gravitational equations of motion can be written down directly in terms of the scalar density L whose expansion (8) emerges immediately from the solution of the gravitational closure equations. 
The complexity of this result attests the usefulness of the gravitational closure mechanism. It would have been hard to guess the intricate interdependency of the prefactors appearing in this scalar density L, and hence in the gravitational Lagrangian L geometry , in terms of the independent constants g 1 , . . . , g 22 , or indeed the 11 independent linear combinations κ 1 , . . . , κ 11 that remain in the ultimately relevant gravitational equations of motion discussed in the following section.
IV. LINEARIZED GRAVITATIONAL EQUATIONS OF MOTION
In this section we present the linearized gravitational field equations for the geometry that underpins birefringent electrodynamics. Due to the diffeomorphism invariance of the theory, there is a gauge ambiguity that must be fixed in order to render the field equations no longer underdetermined. We identify the gauge transformations for the geometry at hand and find a complete set of gauge invariant quantities. Employing a particular gauge, we can then display the decoupled scalar, vector and tensor equations of motion.
A. Gauge transformations and gauge invariants in linearized theory
It is straightforward to uniquely decompose the 17 perturbative configuration variables ϕ A according to the well-known Helmholtz decomposition in three spatial dimensions as
where F , E, F, E, C are scalar fields, F α , E α , C α are solenoidal vector fields and F αβ , E αβ , C αβ are transverse and γ-traceless symmetric tensor fields on three-dimensional Euclidean space. The trace-removed Hesse operator ∆ αβ := ∂ α ∂ β − 1 3 γ αβ ∆ and indices are raised and lowered with the Euclidean metric γ. Including Helmholtz-decomposed lapse N = 1 + A and shift N α = ∂ α B + B α fields, the components of the perturbation H abcd of the spacetime geometry thus become
Under a change of gauge that is parameterized by a smooth vector field ξ, the components of the perturbation tensor field H pick up the changes
where N abcd := η ac η bd − η ad η bc − ǫ abcd constitutes the flat area metric background. Decomposing ξ 0 =: T and ξ α =: ∂ α L + L α in terms of scalar fields T, L and a solenoidal vector field L α , one obtains the explicit form
The changes (12) in the components of H are induced from corresponding changes
in the scalar fields of the decomposition (11) of H,
in the solenoidal vector fields and
in the transverse tracefree tensor fields. Thus one finds a set of 11 gauge invariant quantities
for scalar, vector and tensor perturbations, respectively. These are simplified by fixing a gauge, such as is obtained by letting L := In this gauge, whose application is indicated by the asterisk * , we find the following decomposition of the configuration variables as well as the lapse and shift
into scalar, solenoidal vector and transverse tracefree tensors, which we will put to use when writing down the linearized gravitational equations of motion in the following subsection.
B. Gauge-fixed linearized equations of motion
We now display the final result of this article, namely the linearized gravitational equations of motion for scalar, solenoidal vector and transverse tracefree tensor fields sourced by the birefringent electrodynamics (3), whose gravitational closure gave rise to the dynamics of the geometry in the first place. The equations of motion in section IV.E of [4] neatly decompose into irreducible blocks and are displayed in the E α = F = B = 0 gauge devised in the previous subsection. Moreover, since it turns out that the gravitational equations of motion only contain eleven linearly independent combinations κ 1 , . . . , κ 11 of the constants g 1 , g 2 , . . . , g 22 that were still present in the Lagrangian, we directly employ the former and refer to table II for their definition in terms of the latter.
One may, of course, add any further matter, as long as it gives rise to the same principal tensor as birefringent electrodynamics. Only if one wishes to add matter with a different principal tensor, one must start the entire gravitational closure procedure again, utilizing the then different overall principal tensor for all the matter one stipulates. So in order to use the gravitational field equations derived in this article, we will assume that we are given matter with Hamiltonian
, where Ψ denotes any matter fields or even point particle trajectories, such that the principal tensor or point particle dispersion relation be given by (4) . In any case, we employ the following unique decompositions of the variations of the matter Hamiltonian with respect to the geometric configuration variables as well as lapse and shift, First, we display the equations of motion for the scalar modes E, F , E, C and A, which come as the five evolution equations
where the three generic evolution equations were further separated into trace and tracefree parts, plus the two constraint equations
that restrict the initial data that can be evolved by the five evolution equations above. The asterisk simply denotes usage of our particular gauge.
Similarly, we have the three evolution equations plus one constraint for the solenoidal vector fields F α , C α and B α
Finally, we display the tensor equations. The transverse traceless tensor perturbations F αβ , E αβ and C αβ are all gauge invariant quantities and are determined by the three evolution equations Solution of these linear equations, for the field generating matter of interest, is now a standard mathematical physics problem and will be discussed for a number of physically interesting situations in a separate article. The point we wished to explicitly illustrate in this paper is that the above linearized field equations for the fourth-rank tensor field G, which provides the geometric background for birefringent electrodynamics (3), follows directly from the latter by gravitational closure. Thus this presents the first example of an explicit gravitational theory, other than general relativity, that has been obtained by gravitational closure of specific matter field dynamics.
V. CONCLUSIONS
The aim of this article was to derive, by way of the gravitational closure mechanism, the weak field gravitational dynamics for the refined geometry that underlies the most general linear extension of Maxwell electrodynamics. Had we performed the complete closure program by starting, instead, from standard Maxwell theory on a Lorentzian metric background, we would have obtained the familiar Einstein field equations, up to two undetermined constants of integration: the gravitational and the cosmological constant. But for the electrodynamics considered here, which admit birefringence of light in vacuo, the underlying spacetime geometry is refined and this is reflected in the geometry being encoded in a tensor field of rank four. The resulting linearized field equations, to which we restricted attention here, describe the scalar, solenoidal vector and transverse tracefree tensor perturbations of this refined geometry around a flat non-birefringent background and feature eleven undetermined constants of integration.
These are the most general gravitational field equations whose canonical evolution can proceed in lockstep with the evolution of the electrodynamic theory from which they are derived. This First, the very search for such vacuum birefringence is now solidly underpinned by being able to quantitatively ask and answer the question where in the universe birefringence will occur and how strong it will be. This allows to experimentally confront the hypothesis of a physical spacetime structure admitting birefringence of matter in vacuo in a systematic way. Indeed, both the hyperfine structure of hydrogen and quantum electrodynamical scattering amplitudes are characteristically affected by weakly birefringent gravitational fields [19] , and this will more likely lead to a direct detection of birefringence than the much coarser effect of macroscopic light ray splitting once one knows where precisely to expect an effect of which strength. Another observationally accessible [20] effect is a modification of Etherington's standard relation between the apparent luminosity and angular diameter of lensed objects [21] .
Secondly, with the gravitational closure of birefringent electrodynamics now available, one no longer needs to observe electromagnetic radiation itself in order to draw conclusions about its potential vacuum birefringence. For instance, one can now ask and answer the question of how the refined spacetime structure, which enables the birefringence of light, affects the generation and propagation of gravitational waves. Indeed, if the weak field equations obtained by our gravitational closure of birefringent electrodynamics were to yield observationally excluded consequences, say for the gravitational radiation off a binary, one could immediately dispense with the entire idea of birefringent electrodynamics and a correspondingly refined spacetime geometry, even without ever having observed a single light ray, let alone one that splits up in vacuo. Apart from their generation, birefringent gravitational waves propagating through the space between a pulsar and Earth will leave a distinct mark on the timing [22] of the signals we receive.
The linearized gravitational field equations obtained in this paper are systematically solved and studied in a separate publication for various situations of physical interest, such as vacuum solutions, the weak field around a rotating point mass and the far field of a binary source, and will yield the answers to the above questions and others. Making physically relevant symmetry assumptions, such as the presence of cosmological or spherical Killing symmetries, one can solve the pertinent closure equations for birefringent electodynamics exactly [23] . Taking due care to not run into problems with symmetric criticality [13, 14] , this complements the perturbative treatment pursued in this article. One is thus able to bypass the problem of a general solution of the closure equations, because any additional assumption we would have to make also in standard general realtivity in order to obtain physically relevant solutions of the gravitational field equations can be made already at the level of the closure equations.
Nevertheless, it would be desirable to obtain the exact field equations without symmetry assumptions in order to understand also the non-linear, non-symmetric regime of the gravity theory underlying birefringent electrodynamics. One possible route to achieve this could be to emulate the bootstrap method [24] that recovers the exact Einstein equations from their linearized version, starting from the linearized gravitational field equations obtained in this article.
Beyond the technical results, the probably most interesting point illustrated by the present paper is that the gravitational closure mechanism indeed is a successful method to derive the gravitational consequences of a canonically quantizable matter model based on a tensorial spacetime geometry.
In any such case, it allows to translate fundamental insights about matter into insights about gravity. Even if the spacetime is populated by a multitude of different matter fields, one single gravity theory for their combined background geometry is obtained by gravitational closure.
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